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Abstract. In this paper, it is proved that if a suitable requirement of commutation relations
between the entries of the quantum transformation matrix and of the gauge potential matrix
is satisfied, then the g-trace of quantum group GLy(2) gauge field infensity is gauge invari-
ant, which is a g-analytic function on the quantum plane.

In recent years, there have been several approaches to quantum group gauge field
theories [1-3], however, there are still some difficulties. It seems to us the crux of the
problem is that the algebraic generators of the quantum hyperplanes do not play the
roles of non-commutative movable coordinates as in ordinary classical analysis as yet.
For this reason, in the preceding paper [4] we suggested a fandamental way to overcome
the difficulties, i.e. 2 non-commutative analysis on a quantum hyperplane is given, and
it has been used in the discussions concerning quantum group gauge fields. However,
an important problem-—the gauge invariant problem—remains to be settled. In this
paper some results concerning this problem are given; at the present only the two-
dimensional case is considered.
it is known that in seeking the invariants, a useful formula is

Tr(SMS™ ) =Tr(M) ) (1

where Tr denotes the trace of a matrix, and the entries of matrices § and M are numbers,
or at the least they are commutative with each other in multiplication. For the case of
_ quantum groups (quantum matrices), equation (1) does not hold in general. However,
recently, Iseav and Popowicz [3] obtained a result for 2 2x2 matrix T=
(THeGLy(2) and a matrix F=(Ff) if T/s commute with Ffs:
[T, Ff1=0 (7., 1=1,2) 2)
then
Tr(Fy=q 'F +gF;=Tr(TFT™") 3)

where geC is the deformation parameter, and we suppose it is not a unit root in this
paper. Tr, is called the g-trace. In this paper, we consider how to use (3) in the non-
commutative analysis on the quantum plane [5] ¥=C{x, y) with the commutation
relation

Xp=gqyx. )
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There has been some criticism [2] of the result in [3], however the result in this paper
is not effected.

In the following the Greek indices @, 8, 7, . . . take values 0, 1, 2, .. ., and the Latin
indices i, j, k, . . . take values 1, 2. We use the Einstein summation convention, i.e. the
repeated Greek /Latin indices are summed over the values 0, 1,2, ... /1, 2, unless there
is a contrary state. In addition, we call the finite or infinite generator set of a non-
commutative and associative algebra a g-sequence. Now, we consider a non-commu-
tative algebra &, which is freely generated by the g-sequence { fug, g,5} With the cormn-
mutation relations

G P upgrs =0~ "gys fus
[faﬁ’ x]={fﬂﬁ3y]=[g}’5: x}=[gr5:y]=0

{no summing for the repeated indices).

We consider the infinite polynomials f7(x, y) =f.sx"y” and g%(x, ) =g,sx"y’ which
can be regarded as elements of the algebra #@4%. It is easily verified using {4) and (5),
that f9, g7 satisfy the commutation relation

[87=qg%f". ©
This means that by /7 and g? a quantum plane is constructed again. /¢ and g7 can be
called g-analytic functions [4], since they change into ordinary analytic functions when
g—1 and x, y are taken as ordinary complex variables, and f,s and g,s are taken as

complex numbers.
For a g-analytic function f¢, we define the partial derivatives by

e fT=g"0), fupx" "' ¥*
0y f =0 [Bly fapn®y”™!
where the g-integer [@), ={(¢**— /(@ - D= ""+F“"D+ . +1 Let
d=dxd,+dyd, ®
then differential calculus [6] on the quantum ¥ gives
d?=0
d(f7g")=(df")g" +f* dg° ®
d(0Q)=d0Q+(—1)*® dQ
where @ is a k-form. In this paper we use the following commutation relations [6]
xdx=g"dxx xdy=(F-1Ddxy+qdyx
ydx=gdxy ydy=g’dyy (10)

(5)

)

dxdx=dy- dp=0 dxdy=—;dydx.

According to [4], we can consider the 2 x 2 matrix
A(x, ) B(x, y)]
Cx,») D(x, )

where T;(x, )= (T4 )apx"y* is 2 g-analytic function on %. If some commutation rela-
tions similar to (5) in the g-sequence {4, Bug, Cap, Dap} are satisfied (see [4]), then

I(x, y)=1T5'(x, y)]E[ (m,b6=1,2) (1)
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we have
AB=qBA AC=qCA4

AD-DA=(g—q¢ ")BC

(12}
BC=CB BD=gDB

CD=gDC.

This means that 7(x, ¥) is a g-analytic matrix on the quantum plane, and is an element
of the quantum group GL4(2). In [4] T is taken as the gauge transformation, and the
gauge potential is taken as a 2% 2 1-form matrix E(x, y)=dx' E;, (dx'=dx, dx*=dy)

E) Ep
E;=E.-(x,y)=[ ) :I (i=1,2) (13)

E% Ej

where the entries Ef(x, ¥} =(EL)apx®y?, (k, a=1, 2) are g-analytic functions. The key
problem is how to determine the interior algebraic structure of g-sequence {(E,ff,)ap}
and the algebraic relation between g-sequences {(Ef).5} and {(T3),s}. The interior
algebraic structure will be determined by the gauge field equations as in [4]. As for the
algebraic relation between {(E%)ss} and {(T7),s}, we notice that it is not yet given.

Now, we define the commutation relation between {(Ef).s} and {(T3'),s} by the
following equation

dx’ Fi(x, p) dx? T3 (x, p) =T (x, y) dx’ Fi(x, y) dx’ (14)

where Fy;=(F5,) (5,j=1,2) is the gauge field intensity [4], which is a 2 x 2 matrix, and
is anti-symmetric for the indices i, j:

Fy= 00 (E) — 0,0 () + EiQ5 (i) — Ey Qi (Ex) (0:=0x, 02=9,). (15)

Here and in the following, OF and OF, respectively, denote the operators left and right
translating dx* through g-analytic functions, which are linear [4, 6]:

frdx*=dx'0t(f)
ke ; (16)
dx f‘=Qa(fq)dx
Evidently, we have
Olo Qi=0- Ol=5f01 (17)

where 1 denotes the identical operator. From (10) we can concretely calcutate the results
as follows:

01"y )=+ Px"y 02(x*y")=0
OHx*Py=g (g - ="'y OdyP ) =g " x"yf

Q1 (x®yPy=g2"Px"y* Q3 (x"*)=0

le(xayﬁ)=ql —Ba—ﬂ(l _an )xa—lyB-I-I sz(xayﬁ) =q—a—2,ﬂxayﬁ.

(18)
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Therefore (14) can be written as
QilFy. - QUIM dx" dx* =T} - Oh(Frp) dx” dix”. (19)

Next, by using (10), (18) and the anti-symmetry of Fj; concerning the indices i and j,
and from the coefficient of the term dx dy we obtain

QI [F50HTT)] +$ QA F5 QT )] = TL”[Q:‘ (Fioa) +é 0% (Ffza)]- (20)

In order to obtain the explicit formulation of the commutation relation between g-
sequences {(Fy,),s} and {(T3 Vap}, we must use (7), (I5) and (18), and after lengthy
calculation we see that (20}, in fact, can be induced into the following commutation
relation:

G (T ap(Floa)ys =g > P78 (Flon)ys (T4 ap (21)
(no summing for the repeated indices) where Fy; is the only essential non-zero compo-
nent of Fj:
Fia=(Fi2)ysx"y’
(Fro)ys=q 7 2T [+ 11(E)y541

~ {7 Iy + g A =TS 1By 116

+ T G T (B e (B e =T TP (B ap(Er)oe}

y 3
+ T @Y ) (Eadap(En)pe (22)

atp=y+]
pre=52

and (E;)qp is the matrix whose entries are (E5 )5 (k, a=1, 2). Therefore if we stipulate
that the g-sequences {(F},),s} and {(T} )es} obey the commutation relation (21), then
we have

[dx’ Ff, dx/, Ty]=0. (23)
According to [4], the gauge transformation of £ is
E—E=TET '—(dD)T"' (24)

where T~ 'eGLy(2) is the inverse of 7,

. i D —éB
e\ _ ., (25)

det (Ty=AD—-gq BC
and the gauge transformation of F; has been proved, i.c.
Fy— Fy= 0T E.0)(T7"). (26)

Now, left and right multiply the two sides of (26) by dx’ and dx’, respectively, and
take the sum, then we have

M—-M=TMT™

; - . 27
M=dx'F; dx’ M=dx'F; dx’. @7
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Equation (23) is just ‘
[Mz, T3] =0. (28)

Therefore according to (2) and (3), we have

Tr,(M)=Tr (M) (29)
From the anti-symmetry of F; and (10} and (16} we have

1 ~

(022'*'& Oll)qu(Fjg_Flz)=0 (30)
ie.

7@ +4° ) Te[(Fia)ep— (Fizap] =0. (31)
This means that

Tr,(Fy) =Tr,(Fy) (32)
therefore on the quantum plane ¥ the g-analytic function

L(x, y)=q 'Fj(x, ) + ¢F(x, ») (33)

is a GL(2) gauge invariant. This result is different from [3], since f; is not a ‘constant’
element of GL4(2).

When ¢ — 1, then OF and O — 5% - 1, and the above results all return to the corre-
sponding results in the ordinary gauge field theories, i.e. we obtain 2 quantum analogy
of the ordinary gauge invariants.

Summing up, we have proved that when some suitable commutation relations are
provided, then there are gauge invariants in the quantum group GL4(2) gauge fields.
As for the case of higher dimensional quantum group GL,(#) (n=3), this is more
complex. The results concerned will be discussed elsewhere.
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